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In this article, we calculate the nonfactorizable soft contributions in the B → ηcK,χc0K
decays with the light-cone QCD sum rules approach. Our results show that the nonfactorizable
corrections from the soft gluon exchanges in the decay B → ηcK are of (15 − 30)% and should be
taken into account. As for the decay B → χc0K, the factorizable contributions are zero and the
nonfactorizable contributions from the soft hadronic matrix elements are too small to accommodate
the experimental data.
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I. INTRODUCTION
The nonleptonic decays of the B meson have attracted much attention in studying the nonperturbative dynamics
of QCD, final state interactions and CP violation. The exclusive B to charmonia decays are important since those
decays B → J/ψK, ηcK,χcJK are regarded as the golden channels for the study of CP violation. The quantitatively
understanding of those decays depends on our knowledge about the nonperturbative hadronic matrix elements of the
operators entering the effective weak Hamiltonian. In Ref. [1], the authors propose an original approach called QCD-
improved factorization to deal with the two-body nonleptonic decays of the B meson. In this approach, the decay
amplitudes are expressed in terms of the semileptonic form factors, hadronic light-cone distribution amplitudes and
hard-scattering amplitudes. The semileptonic form factors, the light-cone distribution amplitudes are taken as input
parameters and the hard-scattering amplitudes including nonfactorizable corrections due to the exchanges of hard
gluons are calculated by perturbative QCD. For the exclusive B to charmonia decays , the QCD-improved factorization
approach is broken down due to the divergence arising from the soft-gluon exchanges, moreover, the theoretical
branching fractions are too small to accommodate the experimental data [1–5]. In Refs. [2,3], the authors observe
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that for the exclusive B → ηcK decay, the nonfactorizable corrections to the naive factorization are infrared safe
at leading-twist order, the spectator interactions arising from the kaon twist-3 effects are formally power-suppressed
but chirally and logarithmically enhanced; for the B → χc0K decay, there are infrared divergences arising from
the nonfactorizable vertex corrections as well as logarithmic divergences due to the spectator interactions even at
leading-twist order.
The effects of soft gluons which break down factorization are supposed of order O(ΛQCD/mb) and neglected in the
QCD-improved factorization studies, however, no theoretical work has ever proved that they are small quantities. For
the color-suppressedB to charmonia decays, there may be significant impacts of the nonfactorizable soft contributions.
On the other hand, the QCD light-cone sum rules (LCSR) approach provides a powerful tool for calculating the
exclusive soft hadronic amplitudes [6–8]. The LCSR approach carries out the operator product expansion near the
light-cone x2 ≈ 0 instead of the short distance x ≈ 0 while the nonperturbative matrix elements are parameterized by
the light-cone distribution amplitudes which classified according to their twists instead of the vacuum condensates.
For detailed discussions of this approach, one can consult Ref. [9]. The LCSR approach has been applied to study the
nonfactorizable hadronic matrix elements due to the soft gluons exchanges and gave satisfactory results [10–12].
Experimentally, the B → ηcK decay was observed by CLEO, BaBar, Belle Collaborations and the B → χc0K
decay by Belle Collaboration with relatively large branching fractions [13,14]. The large discrepancies between the
theoretical and experimental values for those decays call for considerations of new ingredients and mechanisms.
It is interesting to study the nonfactorizable soft contributions in the pseudoscalar and scalar charmonia decays
B → ηcK,χc0K with the LCSR approach.
The article is organized as follows: the factorizable contributions from the effective weak Hamiltonian are derived
in Sec.II; the soft hadronic matrix elements 〈ηcK|O˜|B〉 and 〈χc0K|O˜|B〉 are calculated with the light-cone sum rules
approach in Sec.III; numerical results are presented in Sec.IV; the section V is reserved for conclusion.
II. EFFECTIVE WEAK HAMILTONIAN AND FACTORIZABLE CONTRIBUTIONS
The effective weak Hamiltonian for the b → scc decay modes can be written as (for detailed discussion of the
effective weak Hamiltonian, one can consult Ref. [15])
Hw =
GF√
2
{
VcbV
∗
cs [C1(µ)O1 + C2(µ)O2]− VtbV ∗ts
10∑
i=3
CiOi
}
, (1)
2
where Vij ’s are the CKM matrix elements, Ci’s are the Wilson coefficients calculated at the renormalization scale
µ ∼ O(mb) and the relevant operators Oi are given by
O1 = (sαbβ)V−A(cβcα)V−A, O2 = (sαbα)V−A(cβcβ)V−A,
O3(5) = (sαbα)V−A
∑
q
(qβqβ)V−A(V+A), O4(6) = (sαbβ)V−A
∑
q
(qβqα)V−A(V+A),
O7(9) =
3
2
(sαbα)V−A
∑
q
eq(qβqβ)V+A(V−A), O8(10) =
3
2
(sαbβ)V−A
∑
q
eq(qβqα)V+A(V−A). (2)
We can reorganize the color-mismatched quark fields into color singlet states by Fierz transformation, (for example,
O1 = 1NcO2 + 2O˜2, Nc is the color number and taken as 3.) and express the effective weak Hamiltonian Hw in the
following form,
Hw =
GF√
2
{
VcbV
∗
cs
[(
C2(µ) +
C1(µ)
3
)
O2 + 2C1(µ)O˜2
]
−VtbV ∗ts
[(
C3(µ) +
C4(µ)
3
)
O3 + 2C4(µ)O˜3
]
−VtbV ∗ts
[(
C5(µ) +
C6(µ)
3
)
O5 + 2C6(µ)O˜5
]
−VtbV ∗ts
[(
C7(µ) +
C8(µ)
3
)
O7 + 2C8(µ)O˜7
]
−VtbV ∗ts
[(
C9(µ) +
C10(µ)
3
)
O9 + 2C10(µ)O˜9
]}
, (3)
where
O2(3,9) = (cγµ(1− γ5)c)(sγµ(1− γ5)b) , O˜2(3,9) = (cγµ(1− γ5)
λa
2
c)(sγµ(1 − γ5)λa
2
b) ,
O5(7) = (cγµ(1 + γ5)c)(sγµ(1 − γ5)b) , O˜5(7) = (cγµ(1 + γ5)
λa
2
c)(sγµ(1− γ5)λa
2
b) , (4)
here λa’s are SU(3) Gell-Mann matrices.
The factorizable matrix elements of the operator Oi for the decay B → ηcK can be parameterized as
〈ηc(p)K(q)|Hw|B(p+ q)〉 = GF√
2
{[
VcbV
∗
cs
(
C2(µ) +
C1(µ)
3
)
− VtbV ∗ts
(
C3(µ) + C9(µ) +
C4(µ) + C10(µ)
3
)]
〈ηc(p)|cγµ(1− γ5)c|0〉〈K(q)|sγµ(1− γ5)b|B(p+ q)〉 − VtbV ∗ts (C5(µ) + C7(µ)
+
C6(µ) + C8(µ)
3
)
〈ηc(p)|cγµ(1 + γ5)c|0〉〈K(q)|sγµ(1− γ5)b|B(p+ q)〉
}
,
=
GF√
2
{
−VcbV ∗cs
(
C2(µ) +
C1(µ)
3
)
+ VtbV
∗
ts (C3(µ)− C5(µ)− C7(µ) + C9(µ)
+
C4(µ) − C6(µ)− C8(µ) + C10(µ)
3
)}
〈ηc(p)|cγµγ5c|0〉〈K(q)|sγµb|B(p+ q)〉 , (5)
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where the meson momenta are explicitly specified and chosen as p2 = m2ηc . The ηc meson decay constant is defined
by the relation,
〈ηc(p)|c(0)γµγ5c(0)|0〉 = −ifηcpµ. (6)
The decay constant fηc can be estimated from the QCD sum rules approach with the current Jα = c¯γαγ5c [16]
or phenomenological potential models, in fact, the values obtained from those approaches do not differ from each
other much; new estimation based on the nonperturbative approach of coupled Schwinger-Dyson equation and Bethe-
Salpeter equation is in preparation. We use the value obtained from the potential model in this article [17].
The B −K form factor can be parameterized as
〈K(q)|sγµb|B(p+ q)〉 = (2q + p)µF+BK(p2)−
m2B −m2K
p2
pµ(F
+
BK(p
2)− F 0BK(p2)), (7)
the above form factors F+BK(p
2), F 0BK(p
2) can be estimated from the light-cone sum rules approach [18–20], here we
take the value
F 0BK(m
2
ηc
) = 0.42± 0.06 . (8)
The concise expression for the factorizable matrix elements in the decay B → ηcK can be written as
〈ηc(p)K(q)|Hw|B(p+ q)〉 = GF√
2
{
VcbV
∗
cs
(
C2(µ) +
C1(µ)
3
)
−VtbV ∗ts
(
C3(µ)− C5(µ)− C7(µ) + C9(µ) + C4(µ)− C6(µ)− C8(µ) + C10(µ)
3
)}
ifηcm
2
BF
0(m2ηc). (9)
There are no factorizable contributions in the decay B → χc0K as the vector current c¯γµc is conserved and has a
vanishing matrix element with the χc0 meson,
〈χc0(p)|c¯c|0〉 = fχc0mχc0 ,
〈χc0(p)K(q)|Hw|B(p+ q)〉 = 0 , (10)
here fχc0 and mχc0 are the decay constant and mass of the χc0 meson respectively.
III. LIGHT-CONE SUM RULES FOR 〈ηCK|O˜|B〉 AND 〈χC0K|O˜|B〉
In the following, we apply the approach developed in Ref. [10] for the B → ππ channel to estimate the con-
tributions from the soft-gluon exchanges in the B → ηcK,χc0K decays. Firstly, let us write down the correlation
functions,
4
F ηcρ (p, q, k) = i
2
∫
d4xe−i(p−q)x
∫
d4yei(p−k)y〈0|T {jηcρ (y)O˜(0)jB5 (x)}|K(q)〉 , (11)
Fχc0(p, q, k) = i
2
∫
d4xe−i(p−q)x
∫
d4yei(p−k)y〈0|T {jχc0(y)O˜(0)jB5 (x)}|K(q)〉 , (12)
where jηcρ = cγργ5c, j
χc0 = cc and jB5 = mbbiγ5u are currents interpolating the ηc ,χc0 and B meson fields, respectively.
We take the same notation O˜ for the operators O˜i as our final result indicates that they have the same analytical
expressions due to their special Dirac structures for the decays B −→ ηcK,χc0K .
The correlation functions can be calculated by the operator product expansion method near the light-cone x2 ∼
y2 ∼ (x − y)2 ∼ 0 in QCD. They are functions of three independent momenta chosen to be q, p − k and k by
convenience. Here we introduce the unphysical momentum k in order to avoid that the B meson has the same four-
momentum before (p− q) and after the decay (P ). In such a way, we can avoid a continuum of light contributions in
the dispersion relation in the B-channel. The independent kinematical invariants can be taken as (p− q)2, (p− k)2,
q2 , k2, P 2 = (p − k − q)2 and p2. We set k2 = 0 and take q2 = m2K = 0, neglecting the small corrections of the
order O(m2K/m
2
B). The momentum p
2 is kept undefined for the moment in order to make the derivation of the sum
rules without restriction. Its value is going to be set later in this section, and chosen p2 = m2ηc ,m
2
χc0
. The values of
(p− k)2, (p− q)2 and P 2 should be spacelike and large in order to stay far away from the hadronic thresholds in the
B, ηc and χc0 channels. All together, we have
q2 = k2 = 0, p2(undefined), |(p− k)|2 ≫ ΛQCD, |(p− q)|2 ≫ ΛQCD, |P |2 ≫ ΛQCD .
The decomposition of the correlation function in Eq.(11) with the independent momenta are straightforward and it
can be divided into the following Lorentz invariant amplitudes‡,
F ηcρ (p, q, k) = (p− k)ρFηc(p, q, k) + qρF˜ ηc1 + kρF˜ ηc2 + ǫρβλξqβpλkξF˜ ηc3 . (13)
According to the basic assumption of current-hadron duality in the QCD sum rules approach [16], we insert a complete
series of intermediate states satisfying the unitarity principle with the same quantum numbers as the current operators
jηcρ , j
χc0 and jB5 into the correlation functions in Eq.(11) and Eq.(12) to obtain the hadronic representation. After
isolating the pole terms of the lowest pseudoscalar ηc and χc0 mesons in the charmonium channels, we get the following
result,
‡Fηc and Fχc0 are functions of q, p−k and k, their momenta dependence will be written explicitly when necessary, for example,
Fηc(p− k) and Fχc0(p− k), with emphasis on the dependence on the momentum p− k.
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F ηcρ (p, q, k) =
〈0|jηcρ (0)|ηc(p− k)〉
m2ηc − (p− k)2 − iε
Πηc((p− q)2, P 2, p2) +
∫ ∞
s
ηc
0
ds
ρηcρ (s, (p− q)2, P 2, p2)
s− (p− k)2 ; (14)
Fχc0(p, q, k) =
〈0|jχc0(0)|χc0(p− k)〉
m2χc0 − (p− k)2 − iε
Πχc0 ((p− q)2, P 2, p2) +
∫ ∞
s
χc0
0
ds
ρχc0(s, (p− q)2, P 2, p2)
s− (p− k)2 , (15)
where
Πηc(χc0)((p− q)2, P 2, p2) = i
∫
d4xe−i(p−q)x〈ηc(χc0)(p− k)K(−q)|T {O(0)jB5 (x)}|0〉 . (16)
In above equations, ρηcρ and s
ηc
0 are the spectral density and threshold parameter of the lowest excited resonances and
continuum states in the ηc channel, respectively; while ρ
χc0 and sχc00 are the corresponding ones in the χc0 channel.
In the limit of large spacelike momentum (p− k)2 ≪ m2ηc ,m2χc0 , the correlation functions in Eq.(11) and Eq.(12) can
be calculated in QCD at the level of quark-gluon degrees of freedom and rewritten in the following forms by applying
dispersion relation,
F ηcρ (Fχc0) =
1
π
∫ ∞
4m2c
ds
ImsF
ηc
ρ (Fχc0 )(s, (p− q)2, P 2, p2)
s− (p− k)2 . (17)
We can approximate the hadronic spectral densities ρηcρ and ρ
χc0 above the thresholds of the lowest excited resonances
and continuum states by the corresponding ones from QCD calculations with the assumption of quark-hadron duality,
ρηcρ (ρ
χc0)(s, (p− q)2, P 2, p2)Θ(s− sηc0 (sχc00 )) =
1
π
ImsF
ηc
ρ (Fχc0 )(s, (p− q)2, P 2, p2)Θ(s− sηc0 (sχc00 )) . (18)
Now we explore the analytical properties of the amplitudes Πηc((p−q)2, P 2, p2), Πχc0((p−q)2, P 2, p2) in the B-channel
and insert a complete series of hadronic states with the same quantum numbers as the B meson into the correlation
functions in Eq.(16). After isolating the lowest pole terms of the B meson contributions, we obtain the following
results,
Πηc(χc0)((p− q)2, P 2, p2) =
m2BfB
m2B − (p− q)2 − iε
〈ηc(χc0)(p− k)K(−q)|O(0)|B(p+ q)〉+
∫ ∞
sB
0
ds′
ρB
ηc(χc0)
(s′, P 2, p2)
s′ − (p− q)2 . (19)
The hadronic spectral densities ρBηc and ρ
B
χc0
above the threshold of the continuum sB0 can be approximated by the
corresponding ones at the level of quark-gluon degrees of freedom.
Finally, we obtain the correlation functions in hadronic representation,
F ηcρ (p, q, k) =
〈0|jηcρ (0)|ηc(p− k)〉
m2ηc − (p− k)2 − iε
〈ηc(p− k)|O˜(0)|B(p− q)〉|K(q)〉 〈B(p− q|j
B
5 (0)|0〉
m2B − (p− q)2 − iε
+ · · · ,
=
ifηc(p− k)ρ
m2ηc − (p− k)2 − iε
fBm
2
B
m2B − (p− q)2 − iε
〈ηc(p− k)K(−q)|O˜(0)|B(p− q)〉+ · · · ,
6
= (p− k)ρFηc(p, q, k) + · · · ; (20)
Fχc0(p, q, k) =
〈0|jχc0(0)|χc0(p− k)〉
m2χc0 − (p− k)2 − iε
〈χc0(p− k)|O˜(0)|B(p− q)〉|K(q)〉 〈B(p− q|j
B
5 (0)|0〉
m2B − (p− q)2 − iε
+ · · · ,
=
fχc0mχc0
m2χc0 − (p− k)2 − iε
fBm
2
B
m2B − (p− q)2 − iε
〈ηc(p− k)K(−q)|O˜(0)|B(p− q)〉+ · · · . (21)
Here we do not show the contributions from the higher resonances and continuum states above the thresholds explicitly
, they can be written in terms of dispersion integrals and the spectral densities can be approximated by the quark-
hadron duality ansatz. In Eq.(20), we select the relevant terms with tensor structure (p − k)ρ, which corresponding
to the contributions from the pseudoscalar mesons, for example, the ηc and B mesons.
In order to suppress the contributions from the excited and continuum states in the charmonium channels, we
can perform n-th derivative with respect to the momentum (p− k)2 in Eqs.(14-15) to obtain n-th moment sum rules
for the correlation functions Πηc((p− q)2, P 2, p2) and Πχc0((p− q)2, P 2, p2) in hadronic representation,
i(p− k)ρΠηc((p− q)2, P 2, p2) =
1
π f
ηc
∫ sηc
0
4m2c
ds
(m2
ηc
+Q20)
n+1
(s+Q20)
n+1
ImsF
ηc
ρ (s, (p− q)2, P 2, p2) ,
=
1
π2 f
ηc
∫ sηc
0
4m2c
ds
(m2
ηc
+Q20)
n+1
(s+Q20)
n+1
∫ ∞
m2
b
ds′
s′ − (p− q)2 ImsIms′F
ηc
ρ (s, s
′, P 2, p2) ; (22)
Πχc0 ((p− q)2, P 2, p2) =
1
πm
χc0
f
χc0
∫ sχc0
0
4m2c
ds
(m2
χc0
+Q20)
n+1
(s+Q20)
n+1
ImsFχc0(s, (p− q)2, P 2, p2) ,
=
1
π2m
χc0
f
χc0
∫ sχc0
0
4m2c
ds
(m2
χc0
+Q20)
n+1
(s+Q20)
n+1
∫ ∞
m2
b
ds′
s′ − (p− q)2 ImsIms′Fχc0(s, s
′, P 2, p2) , (23)
where the imaginary parts with respect to s and s′ are given by
ImsIms′F
ηc
ρ (Fχc0 )(s, s
′, P 2, p2) = i(p− k)ρfηc(fχc0mχc0)π2fBm2B〈ηc(χc0)(p− k)K(−q)|O˜(0)|B(p− q)〉
δ(s′ −m2B)δ(s−m2ηc(χc0)) + · · · . (24)
Here Q0 is the parameter for QCD sum rules in the charmonium channels, the spectral densities above the thresholds
can be approximated by the corresponding ones from QCD calculation and not shown explicitly.
The Borel transformations with respect to (p−q)2 in the B channels in Eqs.(22-23) are straightforward. Comparing
with Eqs.(14-16), we can obtain the following results§,
BtransFηc(χc0)(p− k) = ifηc(fχc0mχc0)fBm2B〈ηc(χc0)(p− k)K(−q)|O˜(0)|B(p− q)〉
1
(m2
ηc(χc0)
+Q20)
n+1
e−
m2
B
M2
M2
+ · · · , (25)
§Here we prefer the notations Fηc(p− k), Fχc0(p− k) to Fηc(p, q, k), Fχc0(p, q, k), with emphasis on the dependence on p− k.
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here Btrans denotes both the n-th derivative and Borel transformation, M
2 is the Borel parameter in the B channel.
The contributions from the excited and continuum states are not shown explicitly for simplicity.
Then we can analytically continue P 2 from the space-like region P 2 ≪ 0 to the time-like region P 2 ≥ 0, and
choose P 2 = m2B . Now we carry out the operator product expansion near the light-cone to obtain the representation at
the level of quark-gluon degrees of freedom for the amplitudes Fηc and Fχc0 . Firstly, let us write down the propagator
of a massive quark in the external gluon field in the Fock-Schwinger gauge [21,22],
〈0|T {qi(x1) q¯j(x2)}|0〉 = i
∫
d4k
(2π)4
e−ik(x1−x2)
{
6k +m
k2 −m2 δij −
1∫
0
dv gsG
µν
a (vx1 + (1 − v)x2)
(
λa
2
)
ij[1
2
6k +m
(k2 −m2)2 σµν −
1
k2 −m2 v(x1 − x2)µγν
]}
, (26)
here Gµνa is the gluonic field strength, gs denotes the strong coupling constant.
Substituting the above b and c quark propagators into the correlation functions in Eqs.(11-12), we can obtain
the hadronic spectral densities at the level of quark-gluon degrees of freedom. The following three particle kaon
distribution amplitudes are useful in our calculation,
- twist-3 distribution amplitude
〈0|s(0)σµνγ5Gαβ(vy)u(x)|K+(q)〉 = if3K [(qαqµgβν − qβqµgαν)
−(qαqνgβµ − qβqνgαµ)]
∫
Dαiφ3K(αi, µ)e−iq(xα1+yvα3) ; (27)
- twist-4 distribution amplitudes
〈0|s(0)iγµG˜αβ(vy)u(x)|K+(q)〉 = qµ qαxβ − qβxα
qx
fK
∫
Dαiφ˜‖(αi, µ)e−iq(xα1+yvα3)
+(g⊥µαqβ − g⊥µβqα)
∫
Dαiφ˜⊥(αi, µ)e−iq(xα1+yvα3) ; (28)
〈0|s(0)γµγ5Gαβ(vy)u(x)|K+(q)〉 = qµ qαxβ − qβxα
qx
fK
∫
Dαiφ‖(αi, µ)e−iq(xα1+yvα3)
+(g⊥µαqβ − g⊥µβqα)
∫
Dαiφ⊥(αi, µ)e−iq(xα1+yvα3) , (29)
where
G˜αβ =
1
2
ǫαβρσG
ρσ, Gρσ = gs
λaGρσa
2
;
Dαi = dα1dα2dα3δ(1 − α1 − α2 − α3), g⊥αβ = gαβ −
xαqβ + xβqα
qx
. (30)
8
The twist-3 and twist-4 light-cone distribution amplitudes can be parameterized as
φ3K(αi, µ) = 360α1α2α
2
3
(
1 + a(µ)
1
2
(7α3 − 3) + b(µ)(2− 4α1α2 − 8α3(1− α3))
+ c(µ)(3α1α2 − 2α3 + 3α23)
)
, (31)
φ⊥(αi, µ) = 30δ
2(µ)(α1 − α2)α23
[
1
3
+ 2ǫ(µ)(1− 2α3)
]
, (32)
φ‖(αi, µ) = 120δ
2(µ)ǫ(µ)(α1 − α2)α1α2α3 , (33)
φ˜⊥(αi, µ) = 30δ
2(µ)α23(1− α3)
[
1
3
+ 2ǫ(µ)(1− 2α3)
]
, (34)
φ˜‖(αi, µ) = −120δ2(µ)α1α2α3
[
1
3
+ ǫ(µ)(1− 3α3)
]
. (35)
Those parameters in the light-cone distribution amplitudes can be estimated with the QCD sum rules approach
[9,23,24]. In practical manipulation, we can neglect the a(µ), b(µ), c(µ) and ǫ(µ) dependence and the asymptotic
forms will be taken.
After carrying out the operator product expansion near the light-cone, we obtain the following expressions for
the Fηc and Fχc0 ,
Fηc(p− k) =
mbf3K
4π2
∫ 1
0
dv
∫
Dαi φ3K(αi, µ)
m2b − (p− q(1− α1))2
∫ 1
0
dx
2x2(1 − x)
m2c − (p− k − vα3q)2x(1 − x)
q · (p− k)
[
(2− v)q · k + 2(1− v)q · (p− k)
]
−m
2
bfK
4π2
∫ 1
0
dv
∫
Dαi
φ˜‖(αi, µ) + φ˜⊥(αi, µ)
m2b − (p− q(1 − α1))2
∫ 1
0
dx
2x2(1− x)q · (p− k)
m2c − (p− k − vα3q)2x(1 − x)
−m
2
bfK
4π2
∫ 1
0
dv
∫
Dαi φ˜⊥(αi, µ)
m2b − (p− q(1 − α1))2
∫ 1
0
dx
2x2(1− x)(2v − 3)q · (p− k)
m2c − (p− k − vα3q)2x(1 − x)
; (36)
Fχc0(p− k) =
mbmcf3K
4π2
∫ 1
0
dv
∫
Dαi φ3K(αi, µ)
m2b − (p− q(1− α1))2
∫ 1
0
dx
(2x2 − 2x(1− x)(1 − 2v))q · (p− k)q · p
m2c − (p− k − vα3q)2x(1 − x)
−m
2
bmcfK
4π2
∫ 1
0
dv
∫
Dαi
(φ‖(αi, µ)− 2φ⊥(αi, µ))
m2b − (p− q(1 − α1))2
∫ 1
0
dx
(x2 − x(1 − x)(1 − 2v))q · (p− k)
m2c − (p− k − vα3q)2x(1− x)
. (37)
Here we will take a short digression to discuss the technical details. In calculation, we will encounter x-integral
of the form
∫
d4x
xρ
q · xf(p, q, k, x)
in the coordinates representation, which can be formally written as
∫
d4x
xρ
q · xf(p, q, k, x) = A(p, q, k)(p− k)ρ +B(p, q, k)qρ + C(p, q, k)kρ + ǫρβλξq
βpλkξD(p, q, k) . (38)
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Multiplying both sides of above equation by qρ and taking the Chiral limit q
2 = m2K = 0, the expression of the
relevant quantity A(p, q, k) can be obtained.
It is easy to perform the Feynman parameter x integral in Eqs.(36-37), we prefer this form in order to facilitate
the Borel transformation and n-th derivative. For the case of massless quark loops, one can integrate out the variable
x directly.
In the following, we write down the dispersion relations for the correlation functions at the level of quark-gluon
degrees of freedom,
Fηc(p− k) =
mb
4π2
∫ 1
0
dv
∫
Dαi
∫ sB
m2
b
ds1
∫ sηc
4m2c
ds2
∫ 1
0
dx
x2(1− x)
s1 − (p− q)2
s2 − P 2
s2 − (p− k)2{
f3Kφ3K(αi, µ)
[2− v
2
(P 2 +m2ηc − s1 − s2) + (1− v)(s2 − P 2)
]
−mbfK(φ˜‖(αi, µ) + φ˜⊥(αi, µ))−mbfK φ˜⊥(αi, µ)(2v − 3)
}
δ(m2b −m2ηcα1 − s1(1− α1))δ(m2c − x(1− x)vα3P 2 − x(1 − x)(1 − vα3)s2) + · · · ; (39)
Fχc0(p− k) =
mbmc
8π2
∫ 1
0
dv
∫
Dαi
∫ sB
m2
b
ds1
∫ sχc0
4m2c
ds2
∫ 1
0
dx
x2 − x(1− x)(1 − 2v)
s1 − (p− q)2
s2 − P 2
s2 − (p− k)2{
f3Kφ3K(αi, µ)(m
2
χc0
− s1)−mbfK(φ‖(αi, µ)− 2φ⊥(αi, µ))
}
δ(m2b −m2χc0α1 − s1(1− α1))δ(m2c − x(1 − x)vα3P 2 − x(1 − x)(1 − vα3)s2) + · · · . (40)
Again, the higher resonances and continuum states contributions are not shown explicitly for simplicity, as they are
Borel transformation or n-th derivative suppressed. Here we can introduce some notations to simplify the cumbersome
expressions in Eq.(39) and Eq.(40) respectively,
xi =
1
2
(
1−
√
1− 4m
2
c
s
)
, xf =
1
2
(
1 +
√
1− 4m
2
c
s
)
,
αc =
x(1− x)s−m2c
x(1 − x)(s− P 2) , α0 =
m2b −m2ηc(m2χc0)
sB −m2ηc(m2χc0 )
. (41)
In performing the δ functions integrals in Eq.(39) and Eq.(40), we note that in the space-like region P 2 ≪ 0,
the condition α0 > αc can be warranted. Performing Borel transformation in the B channel and n-th derivative in
the ηc, χc0 channels, then matching with Eq.(25), finally we obtain the sum rules for the nonfactorizable soft matrix
elements,
〈ηc(p− k)K(−q)|O˜(0)|B(p− q)〉 = imb
4π2fBfηcm
2
B
∫ sηc
4m2c
ds
∫ xf
xi
xdx
∫ 1
α0
dα
∫ α
αc
dβ [f3Kφ3K(1− α, α− β, β){
(s− P 2)(1− αc
β
)− (1− αc
2β
)
m2b −m2ηc(1− α) + α(s− P 2 −m2ηc)
α
}
10
−mbfK(φ˜‖(1− α, α− β, β) + φ˜⊥(1− α, α− β, β))
−mbfK φ˜⊥(1− α, α − β, β)(2αc
β
− 3)
]
Exp(
m2Bα+m
2
ηc
(1− α)−m2b
M2α
)
(
m2ηc +Q
2
0
s+Q20
)n+1
1
αβ
; (42)
〈χc0(p− k)K(−q)|O˜(0)|B(p− q)〉 = mbmc
8π2fBfχc0m
2
Bmχc0
∫ sχc0
4m2c
ds
∫ xf
xi
dx
∫ 1
α0
dα
∫ α
αc
dβ [f3Kφ3K(1− α, α− β, β)
m2χc0 −m2b
α
− mbfK(φ‖(1− α, α− β, β) − 2φ⊥(1− α, α− β, β))
]
{
x− (1 − x)
(
1− 2αc
β
)}
Exp(
m2Bα+m
2
χc0
(1− α)−m2b
M2α
)
(
m2χc0 +Q
2
0
s+Q20
)n+1
1
αβ(1 − x) . (43)
In above expressions, P 2 is chosen to be large space-like squared momentum (|P 2| ∼ m2b) in order to stay far away
from the hadronic thresholds in the channels of the B and charmonia currents, the values of αc are small positive
quantities but not always small enough to be safely neglected, we can perform the following approximation for the β
integral,
∫ α
αc
dβG(s, x, α, β) =
{∫ α
0
−
∫ αc
0
}
dβG(s, x, α, β), (44)
here G is an abbreviation for the integral functions and can be written as
G(s, x, α, β) = A(s, x, α, β)φ3K (1− α, α− β, β) + B(s, x, α, β)φ˜‖(1− α, α− β, β) + C(s, x, α, β)φ˜⊥(1− α, α− β, β)
or
G(s, x, α, β) = D(s, x, α, β)φ3K (1 − α, α− β, β) + E(s, x, α, β)φ‖(1 − α, α− β, β) + F (s, x, α, β)φ⊥(1− α, α− β, β),
A,B,C,D,E, F are formal notations. We can expand the light-cone distribution amplitudes φ3K , φ˜‖, φ˜⊥, φ‖ and φ⊥
in terms of Taylor series of β ∗∗, for example,
φ3K(1− α, α− β, β) = φ3K(1− α, α− β, β)|β=0 + ∂
∂β
φ3K(1 − α, α− β, β)|β=0β
+
1
2
∂2
∂β2
φ3K(1 − α, α− β, β)|β=0β2 + · · · , (45)
∗∗For very small αc, we can approximate the integral
∫ αc
0
dβG(s, x, α, β) by αcG(s, x, α, β)|β→0, then analytically continue
P 2 into the timelike region, P 2 = m2B.
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and analytically continue P 2 into the timelike region, P 2 = m2B, then complete the integral
∫ αc
0 dβG(s, x, α, β). The
explicit expressions for the physical matrix elements 〈ηc(p)K(−q)|O˜(0)|B(p − q)〉 and 〈χc0(p)K(−q)|O˜(0)|B(p − q)〉
are lengthy due to the re-summation of all the Taylor series of β, here we show only the leading terms explicitly,
〈ηc(p)K(−q)|O˜(0)|B(p− q)〉 = mbi
4π2fBfηcm
2
B
∫ sηc
4m2c
ds
∫ xf
xi
xdx
∫ 1
α0
dα[
f3K
{∫ α
0
dβφ3K(1 − α, α− β, β)−
∫ αc
0
dβφ3K(1 − α, α− β, β)|β=0
}
{
(s−m2B)(1−
αc
β
)− (1− αc
2β
)
m2b −m2ηc(1 − α) + α(s−m2B −m2ηc)
α
}
−mbfK
{∫ α
0
dβ(φ˜‖(1 − α, α− β, β) + φ˜⊥(1− α, α− β, β))
−
∫ αc
0
dβ(φ˜‖(1 − α, α− β, β)|β=0 + φ˜⊥(1− α, α− β, β)|β=0)
}
−mbfK
{∫ α
0
dβφ˜⊥(1− α, α − β, β)−
∫ αc
0
dβφ˜⊥(1− α, α − β, β)|β=0
}
(
2αc
β
− 3)
]
Exp(
m2Bα+m
2
ηc
(1− α)−m2b
M2α
)
(
m2ηc +Q
2
0
s+Q20
)n+1
1
αβ
+ · · · , (46)
〈χc0(p)K(−q)|O˜(0)|B(p− q)〉 = mbmc
8π2fBfχc0m
2
Bmχc0
∫ sχc0
4m2c
ds
∫ xf
xi
dx
∫ 1
α0
dα
[
f3K
m2χc0 −m2b
α{∫ α
0
dβφ3K(1− α, α− β, β) −
∫ αc
0
dβφ3K(1− α, α − β, β)|β=0
}
−mbfK
{∫ α
0
dβ(φ‖(1− α, α− β, β)− 2φ⊥(1 − α, α− β, β))
−
∫ αc
0
dβ(φ‖(1 − α, α− β, β)|β=0 − 2φ⊥(1− α, α − β, β)|β=0)
}]
{
x− (1− x)
(
1− 2αc
β
)}
Exp(
m2Bα+m
2
χc0
(1− α)−m2b
M2α
)
(
m2χc0 +Q
2
0
s+Q20
)n+1
1
αβ(1 − x) + · · · . (47)
In performing the β integral
∫ αc
0
, we need only the values of the light-cone distribution amplitudes φ3K , φ˜‖, φ˜⊥,
φ‖, φ⊥ and their derivations at zero momentum fraction i.e. β = 0, there are no problems with negative partons
(quarks and gluons) momentum fractions. The analytical continuation of P 2 to its positive value ends up with an
unavoidable theoretical uncertainty, if only a few terms of the Taylor series are taken, smaller |αc| (In the Chiral
limit mc = 0, |s/(s−m2B)|) with greater precision, however, with the re-summation to all orders of β in Eq.(45), the
assumption of quark-hadron duality is still applicable in the case of heavy meson final states. This procedure ensures
the disappearance of the unphysical momentum k from the ground state contribution and enables the extraction of
the physical matrix elements 〈ηc(p)K(−q)|O˜(0)|B(p− q)〉 and 〈χc0(p)K(−q)|O˜(0)|B(p− q)〉 due to the simultaneous
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conditions, P 2 = m2B and (p−q)2 = m2B. The light-cone distribution amplitudes φ3K , φ˜‖, φ˜⊥, φ‖ and φ⊥ are analytical
functions, as well as only numerical values are concerned, we can analytically continue P 2 into the timelike region,
P 2 = m2B, if the unphysical negative momentum fractions of the partons (quarks and gluons) are taken for granted,
we can then take the integral
∫ α
αc
dβG(s, x, α, β) directly, the numerical results will not make difference. In the channel
B → ππ, the duality region is about spi = 0.7GeV 2 ≪ |P 2| ∼ m2b , the quantity s/(s − P 2) = −s/(P 2(1 − s/P 2)) is
small, and the expansion in terms of Taylor series of s/P 2 converges quickly, the results will not depend significantly
on the end point values of the light-cone distribution amplitudes. As for the channels B → ηcK,χc0K, the duality
regions are about sηc = 11GeV
2 and sχc0 = 13GeV
2, the values of s/|P 2| are about 44% and 52%, respectively.
The expansion in terms of Taylor series of β for the light-cone distribution amplitudes converges more slowly and
more terms should be taken into account, for example, |αc| ≤ 36% in the B → ηcK channel and |αc| ≤ 55% in the
B → χc0K channel; the main drawback of this approach is the significant dependence on the end point values of those
light-cone distribution amplitudes.
IV. NUMERICAL RESULTS
Next, we choose the input parameters entering the light-cone sum rules before giving numerical predictions on
the nonfactorizable soft contributions.
The parameters enter the decays B −→ ηcK,χc0K are taken as mB = 5.28 GeV , fB = 180 ± 30 MeV,
mb = 4.7 ± 0.1 GeV, sB = 35 ± 2GeV2, mηc = 3.0 GeV, fηc = 0.35 GeV , mc = 1.25 ± 0.05, sηc = 11 ± 1GeV2,
mχc0 = 3.41 GeV, fχc0 = 0.36 GeV, sχc0 = 13 ± 1GeV2, and fK = 0.16 GeV [25]. The value of decay constant
fχc0 is taken from Ref. [26] and new estimation based on the nonperturbative approach of coupled Schwinger-Dyson
equation and Bethe-Salpeter equation is in preparation. For the coefficients of the twist-3 and twist-4 kaon meson
light-cone distribution amplitudes, we can make an approximation f3pi ≃ f3K , δ2K ≃ δ2pi and take f3K = 0.0026 GeV,
δ2(µb) = 0.17 GeV, where µb =
√
m2B −m2b ∼ 2.4 GeV [9,23,24].
Here we will take a short digression to discuss the duality regions. In the B −→ ηcK channel, as the axial-vector
current Jµ = c¯γµγ5c in stead of pseudoscalar current J5 = c¯iγ5c is chosen to interpolate the ηc meson, we must be
careful in choosing the duality region to avoid possible pollutions from the ηc(2s) and χc1 mesons with the same
quantum numbers as the interpolating current. The masses of those two mesons are about mηc(2s) = 3.6GeV , mχc1 =
3.5GeV , and the widths of those mesons are narrow, we can choose the duality region to be sηc = 11± 1GeV2. In the
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B −→ χc0K channel, due to narrow width of the χc0 meson, we can choose the duality region to be sχc0 = 13±1GeV 2
to avoid possible pollutions from the excited and continuum states. Furthermore, larger s means larger |αc|, more
Taylor series of β have to be re-summated, heavy dependence on the end point values of the light-cone distribution
amplitudes. In those two channels, the variation of the duality thresholds sηc and sχc0 can lead to large uncertainties.
The parameters n and M2 must be carefully chosen to guarantee the excited and continuum states to be sup-
pressed and to obtain a reliable perturbative QCD calculation. The stable region for the Borel parameter M2 is
found in the interval M2 = 10± 2GeV2 which is known from the B channel QCD sum rules [9]. In the charmonium
channels, we usually perform n-th derivative and take n-th moment sum rules to satisfy the stability criteria [25].
For the decay B → ηcK, the calculation is rather stable on the range n = 3 − 7. Q20 is parameterized by
Q20 = 4m
2
cξ, where ξ is usually allowed to take values from 0 to 1 while the best interval is ξ = 0.3 − 1. In the
following, we write down the numerical value for the nonfactorizable soft matrix element,
〈ηc(p)K(q)|O˜(0)|B(p+ q)〉 = 0.035± 0.010GeV 3 , (48)
the largest uncertainties come from the variations of the mass of the c quark.
Taking into account the next-to-leading order Wilson coefficients calculated in the naive dimensional regulariza-
tion scheme [15] for µ = mb(mb) = 4.40GeV and Λ
(5)
MS
= 225MeV,
C1(mb(mb)) = 1.082 , C2(mb(mb)) = −0.185 , C3(mb(mb)) = 0.014 ,
C4(mb(mb)) = −0.035 , C5(mb(mb)) = 0.009 , C6(mb(mb)) = −0.041 , (49)
here we have neglected the Wilson coefficients C7, C8, C9, C10 in numerical calculation due to their small values, finally
we obtain the numerical relation between the contributions from the factorizable and nonfactorizable matrix elements,
{2VcbV ∗csC1(µ)− 2VtbV ∗ts [C4(µ) + C6(µ)]} 〈ηc(p)K(q)|O˜(0)|B(p+ q)〉{
VcbV ∗cs
[
C2(µ) +
C1(µ)
3
]
− VtbV ∗ts
[
C3(µ)− C5(µ) + C4(µ)−C6(µ)3
]}
fηcm
2
BF
0(m2ηc)
= 0.11± 0.04 . (50)
From above expressions, we can see that the nonfactorizable soft contributions are considerable and they must be
included in analyzing the branching fraction. A rough estimation shows that the theoretical branching fraction will
increase to about 1.15−1.30 times as the naive factorization result. Although there are still large mismatches between
the theoretical and experimental values, we can say that the theoretical prediction is considerably improved. The
consistent and complete QCD LCSR analysis should include all the contributions from O(αs) corrections, however,
the calculation is cumbersome and we prefer another article.
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For the decay B → χc0K, the calculation is rather stable on the range n = 5 − 10, the parameter ξ is usually
allowed to take values larger than 1 while the best interval is ξ = 1.2− 2.0. The nonfactorizable soft hadronic matrix
element in the B → χc0K decay is
〈χc0(p)K(q)|O˜(0)|B(p+ q)〉 = 0.22± 0.08GeV 3 , (51)
and the corresponding branching fraction is (1.0 ± 0.6) × 10−4 which is smaller than the experimental data (6.0 ±
2.1)× 10−4 [14]. From Eq.(48) and Eq.(51), we can see that value of the nonfactorizable soft hadronic matrix element
〈ηc(p)K(q)|O˜(0)|B(p+q)〉 is about 15% of the 〈χc0(p)K(q)|O˜(0)|B(p+q)〉 , and contributes to the branching fractions
with magnitude about 10−5 . Take into account for the contributions from the factorizable hadronic matrix elements,
the theoretical predicated branching fraction is about 10% of the corresponding experimental data for the decay
B → ηcK. In this article, we take into account only the nonfactorizable soft contributions of twist-3 and twist-4 ,
while higher twist contributions are neglected. Although there are large uncertainties due to discarding the higher
twist contributions and varying the duality thresholds, we can estimate the order of magnitude of the nonfactorizable
soft effects at least.
V. CONCLUSION
In this article, we have analyzed the contributions from the nonfactorizable soft hadronic matrix elements
〈ηc(p)K(q)|O˜(0)|B(p + q)〉 and 〈χc0(p)K(q)|O˜(0)|B(p + q)〉 to the decays B → ηcK,χc0K with the effective weak
Hamiltonian. As the QCD-improved factorization approach breaks down in the B to charmonia decays, the contribu-
tions from the soft gluon exchanges will signalize themselves. Our numerical results show that their contributions are
considerable and should not be neglected for the decay B → ηcK. Although there are still large mismatches between
the theoretical and experimental values, the theoretical predicted branching fraction is considerably improved (about
(15− 30)%). As for the decay B → χc0K, there are no factorizable contributions, the nonperturbative contributions
from the nonfactorizable soft matrix elements are about five times smaller than the experimental data. The consis-
tent and complete QCD LCSR analysis should include all the contributions from O(αs) corrections and higher twist
contributions.
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